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Let n-~k--~ t be positive integers, and X- -  a set of n elements. Let C(n, k, t) be the smallest 
integer m such that there exist m k-tuples of X Bx, Bs, .... Bm with the property that every t-tuple 
of X is contained in at least one Bl. It is shown that in many cases the standard lower bound for 
C(n, k, 2) can be improved (k sufficiently large, n[k being fixed). Some exact values of C(n, k, 2) 
are also obtained. 

Keywords: coverings, affine planes, projective planes. 

1. Introduction 

Let n>-k>-t be positive integers, and let X b e  a set o f n  elements, i.e. IXI =n.  
A family F =  {Bx . . . . .  Bm} o f  k-tuples o f  X (subsets o f  X having k dements  each) 
is called (n, k, t)-covering if  every t-tuple of  X is contained in at least one B~. The 
elements o f  F are called blocks. C(n, k, t) denotes the smallest integer m such 
that there exists an (n, k, t)-covering F (called covering design, optimal covering etc.) 
having m blocks. 

Let  ~CX, GC=F. By G(~) denote the number of  blocks in G con- 
taining ~, i.e., G(~)=I{BEG: ~6B}I. In the case G = F  it is easy to see that  
F(~)>-C(n- l ,k- -1 ,  t - l )  and then 

(1) C(n, k, t) ~ [nC(n-  1, k -  1, t -  1)/k], 

where Ix| denotes the smallest integer that is at least x. 
Iterating (1) we obtain 

C ( n , k ,  t) >- i k  I k - - ]  I " "  k - - t + 1  "'" 

which is the Schfnheim lower bound for C(n, k, t) [I, 2]. There are many cases 
in which the lower bound (2) is actually achieved [1, 2, 3, 4, 7]. For  example, the well 
known Turfin's theorem [3, 4] gives C(n, n - 2 ,  t)=L(n, n - 2 ,  t). I t  was conjectured 
by ErdSs and Hanani  [11] and proved by R f d l  [9] that for k, t fixed 

(3) lira C(n, k, t)/L(n, k, t) = 1. 
I I ~ o o  
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It follows from the results of Kuzjurin [10] that (3) holds for t fixed and for arbi- 
trary sequence k=k(n) with lim k/n=O. So, the lower bound (2) is a good ap- 

proximation for C(n, k, t) when t is fixed. Some possibilities to improve (2) are 
studied ha [5, 6]. It follows from (1) that if C(n-- 1, k-- 1, t -  1)>L(n--  1, k-- 1, t -  1) 
then C(n, k, t)>L(n, k, t). So, the improvement of the Sch6nheim lower bound 
for t=2  leads to an improvement for arbitrary t. For t =2  and k fixed it seems 
that for all sufficiently large n we have C(n, k, 2)=L(n, k, 2) except the case 
n--1 ( m o d k - 1 )  n ( n - 1 ) = l  (modk) (Mills[5]). Here we consider some possi- 
bilities to improve the lower bound (2) for t =2  and for sufficiently large k. 

Let Fbe an (n, k, 2)-covering and o~, ~EX. Le tc l~={BEF:  ~EB}, F(~,fl)= 
=[{BEE: {a, fl}cB}[, Br(a)={flEX: F(a, fl)>l}. Clearly F(~)--=Icl~I. Since 
C ( n - l , k - l ,  1)=[(n-1)/(k-1)] then F(a)=[(n--1)/(k--1)]. Denote Xt= 
= {aEX: F(a) = [ (n -  1)/(k-- 1)]}, X2 =X",,Xa. The elements of X1 are called centres, 
and those of  X, non-centres. A block BEF is said to be an/-block if [XzfqBI =L 
Since 

k l F l =  Z F(c0 
aEX 

then 

(4) I FI --~ (n[(n-- 1)/(k- 1)1 + IXo.I)/k. 
Let n - 1  = s ( k - 1 ) - j ,  0 < - j < k - 1 ,  BEF, BfqXl={cq . . . . .  a,}. Denote 

,oW) 1), = 1)- 

For everyL ~EXj we have F(c0=s, and e(oO=s(k - l ) -n+l=j .  Therefore 

(5) 2 (8) jr. 
Note that if 2~o(B)=jr then Br (a3cBfqX~ for every i=1 . . . .  , r. 
Finally, denote by SF (a) the set of all flEX which are contained ha excatly 

the same blocks of  F as a(aESF (a)). 

2. The projective z o n e  

It was proved in [6] that i fq  is a prime power, and a0_->a~ =>a~>0 are integers 
then for k=aoq+al, n=aoq2+atq+a2: 

C(n,k, 2) = L(n,k,  2) = q ~ + q + l .  

The optimal coverings were obtained from the projective plane PG (2, q). It seems 
that the condition a0 -->at =>az is essential. More exactly, we suppose that if k_~s + 1, 
s<n/k<-s+l/(s+l) (the projective zone), and there exist no integers ao>-al>=a2 
such that k=aos+al, n=aos~+a~s+az then 

(6) C(n, k, 2) > L(n, k, 2) = s*+s+ 1. 

For s = 2  (6) holds (see [5]). It will also hold for s = 3  if C(28, 9 ,2)>13 and 
C(41, 13, 2)> 13 [5, 8]. The validity of  (6) will give a number of exact values of 
C(n, k, 2) in the projective zone. For example, let q be a prime power. Consider a 
line B={bo, bl . . . .  ,b~} in PG(2,  q) and substitute every point bz, i=1,  .... q 
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with q new points {b~ . . . . .  b~}. Replace B with two new blocks B'=B'~{b]}, B"= 
=B~{b~}. Now substitute every point a~[B with q--1 new points. The lines in 
PG (2, q) are transformed into blocks of (qn+ 1, q~, 2)-covering (some of them with 
cardinality less than q2) which yields C(qa+l ,  q2, 2)_~q~+q+2, and if (6) holds 
then C (qZ + 1, qZ, 2) =q~ + q +2. Here we shall prove (6) in the following special case. 

Theorem 2.1. I f  n = s Z + a s + l ,  k=s+a, s~_a>l then 

C(n, k, 2) > L(n, k, 2) = sZ+s+  1. 

Proof. Suppose that there exists an (n, k, 2)-covering F =  {B1 . . . . .  Bin} with m =sZ+ 
+ s + l .  For ~EX1 we have F ( ~ ) = s + l ,  e(~)=a--1,  and from (4) IXd_~a-1. 
Since 

F( , )  = k I F I -  ~ '  F(~) ~ s2+s--2 

there exists a 0-block BI~F (B~f-)Xa=0). From (5) 2o~(Bj)~_(a-l)(s+a). On 
the other hand 

m 

2co(B1) = ~ co,(o h -  1) 

where og~=]BxfqBi], i~_2. Thus 

m 

2 wo = = Z 
i = 2  i ~ 2  i=2 

Let ~ = m a x  o~, co =rain co~. The minimum of the last sum is achieved for ~-o~_~ 1, 

and consequently ~_~1, ~ _ 2 .  So 

t/I 

co~ >= 3as + s2--2s. 
|=2  

Therefore 

(7) (s+a)(a-1) ~ 2o~(Bl) _~ 2s(a--1) 

which result in a contradiction if a<s. If  a=s (7) gives 2co(B1)=2s(s-1), 1_~ 
~_co~_2, i_~2, and Br (~)cBl for every ~ B 1 .  Let ~ B 1 ,  cl ~={Bx, B2 . . . .  , Bs+x}. 
Since B r ( 0 c B 1  and lYric_s-1 then there is another 0-block in e l i ,  say B~. 
According to the above Br (~)cBlf~B~, IBlfqB~I =2. Therefore ]Br (01=1. Sup- 
pose that Br (~) = {~/}. Obviously F(~, t/) = s  and let el ~/= {B1 . . . . .  Bs, B~+2}. We 
have to cover the pairs {q,B~+t\{~}} and then B~+a\{r which 
yields B~+~\{~}cX~ and 6onsequently IX, l-~2s- 1, a contradiction. 1 

3. The case n-- 1 --0 (mod k - 1) 

The theorem below presents an extension of  the [5, 6] results concerning the 
case n -  I --0 (mod k -  1). Since C(n, k, 2), n<=3k is completely known [5], then 
we shall assume that n>3k. 
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Theorem 3.1. Let n - 1  = s ( k -  1), s>3.  
(A) If k> s  then C(n, k, 2)>-sZ+s-2s(s-1)/k .  
(B) If n(n-1)=-j  (modk), l < j < k ,  s < j ( k - 1 ) / ( j - 1 )  then 

C(n, k, 2) > L(n, k, 2). 

Proof. (A) Let F =  {B 1 . . . . .  B,,} be an (n, k, 2)-covering with n, k satisfying the 
conditions of the theorem. Clearly F(c~)=s for every eEX~. It was shown in [6] 
(Theorem 1) that IX~l_-<(s-1)L or there exists a block BEF such that XIC=B. 
In the first of these cases we have [FI _~ (ns + n - ( s -  1)2)/k =s 2 + s -  2s (s-- 1)/k due 
to (4). Now suppose that XxC=Bx, IXd>(s-1)  2. Since e(e)=0 for every 0 ~ X  1 

then co(Ba)=0 due to(5) ,and IBaOBjqX~I<=I, i>-2. Thus {F[->IXx[(S'-I)+I> 
> (s-- 1) 3 + 1 >s  ~ +~--2s(s-- 1)/k. 

(B) If k > s  then the assertion follows from (A). If s = k , k + l  then j=0 .  
Therefore we can assume that s>-k+2. 

Let F be an (n, k, 2)-covering, ]FI =L(n, k, 2). Since n(n-1)=-j  (rood k) 
then s ( s - 1 ) - - j  (mod k) and ]Fl=[ns/k]=[(sZk--s(s -1))/k] =(ns+j)/k. There- 
fore IX~l <--j. Every pair (e, fl), e(X~ is contained in exactly one block of F which 
yields IX~I~2 (if JQ--{o)} then there is a pair (e, o9) with F(e, co)>l). Note 
that if j = l  this gives C(n, k, 2)>L(n, k, 2) [5]. In order to clear the idea of the 
proof for arbitrary j >  1 first consider the case j = 2 .  If Xz= {r o92} then F(( .Oa)  = 
= s +  1, F(og~)=s+ 1, F(~ol, ~o~)=k. Hence there is a block B in cl ~ot with m~B. 
We have to cover the pairs (e, ~o2), e ( B \ { e h }  in different blocks of cl o)s\cl cot. 
So s + l  =F(ws)=k+lc l  wz\cl  ~o~1 ~=k+k-  1 = 2 k -  1, a contradiction. Thus we can 
assume that j_->3, which yields s>=k+3 (if s = k + 2  then j = 2 )  and consequently 
k>-4]-2. 

q 

Let IX~l=p>l,  and {at, ..., e~}c_--X~, X2= U SF(~ti), SF(~i)OSF(~f)---0, 
i=1  

l~--i<f~--q, ISF (~31 =fl~, F(~3=s+x~, x~>0, i=  1, ..., q. Thus 

q q 

z~f l~=P and z~x~/h=J. 
f = l  i=1  

Since s (e)=0 for eEX~, and I X l l = s ( k - 1 ) + l - p  then 

(8) Z IX.nBI = x ~ k + s + p - - , 1 .  ~ 
BEr t 

Since Z IX.~NBI~(s+x3Pi+p-P,  then [li~xl, i= l , . . . ,q .  Now consider clot, 
BEci~f 

and let B be a z-block in cl ~ .  We shall prove that: 

(9) --zZ + z (2p -1 )  >= (xa- f lO(4 j -2 )+ 3 j -  2p+ fl~(p-- I). 

h 

Let {0q, ..., ah}C=BfqXz, Z fit =z,  F(0% ~ ) = ~ , ,  i=2  . . . .  , h, F(~I, a~)=yi, 
i=1  

i = h + l  . . . . .  q. We have to cover the pairs (a, a3, ~ B N X 1 ,  i~_h+l and since 
a~r B, i~_h + l then 

(10) y~ -~ s + x ~ - k  + z. 
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N o w  ." 

h q 

Z IX2nBI = t~,(s+x3+ Z#ico,+ Z /~ty,, 
B(~ci~ I 1=2  t = h + l  

and combining with (8) and (10) we get 

h q 

(11) ~ ~togl >- X l k + S + p -  l - ~ l ( S + X l ) - - ( p - z ) ( s + z - k ) -  ~ x ~ .  
i = 2  t = h + I  

On the other hand if ~r  (BfEcl ~ )  then [BffqXll<-s+xi-o~i, i.e. IBIAX21_~ 
>=k-(s+xi-ogi). Hence k--(s+xi--oge)<=p--~, which yields 

(12) ~ia~i <= ~ ( s + p - k + & - f l i  ), i = 2 . . . . .  q. 

Summing (12) over i=2 . . . . .  ~ and using that 

h n 2 
Z #, = z - / h ,  Z/~,  -> z - / h  
i = 2  i = 2  

we obtain 

(13) 
h h 

Z I~,o~, ~ ( z - ~ l ) ( s + p - k -  1)+ Z x,[~,, 
i = 2  1=2 

(11) and (13) give 

- z a + z ( 2 p  - 1) _-> k ( p + x l - f l a ) - ( p -  1 ) ( s - i l l -  1)--j. 

Using that s < j ( k - 1 ) ] ( j - 1 ) ,  and k ~ - 4 j - 2  we obtain (9). It follows from (9) 
that there are no 1-blocks in F, i.e. z >  1. 

Let x l=min  xi, We shall prove that every block in el ~1 contains at least 

x l + l  non-centres. The maximal value p ( p - 1 )  of the left side in (9) is achieved 
for z=p,  p - 1 .  Using in addition that fl~<-p we get x~<=p - 1. Now suppose 
that there exists a z-block in clcq with z~x~.  Since z<-xa~_p-1 we can sub- 
stitute z by xl in (9). This gives 

(14) xlp ~ (&- - /~0 (4 . / -p -  1)+ 3 j - 2 p +  x~. 

Since xl =min x1 then j>-x~p and (14) is impossible. Thus for every z-block 
in c1~1 Z~Xl+ l .  If in addition z>-x~+2 then 

Z IZ2NBI ~ (xx+2)(s+xD 
BEcla~ 

which is impossible due to (8). So, there exists a (xl+l)-block in cl ~x and from 
(9) (z=x~+ 1): 

xlp ~- ( x t - B ~ ) ( 4 j - p -  1 ) + 3 j - 4 p +  1 + ( x t +  1) 2 

which shows that x l = l  (if xx~2 then p<=j/2 since x~p~_j). Therefore ]~x--1 
(xl_->fil). Suppose that B tCc l~  is a 2-block and B~AX2={~I,%}. Hence fl~=l 
and since there exists a 2-block in el ~2 then we can make use of (9) substituting 
x~ by x2, /~1 by 1, z by 2. Thus O~_(4 j -2 ) x2 -Sp - j+7  and consequently xa= l .  

The next step is to show that there are 2-blocks in el ~ with different non- 
eentres. Denoting the number of 2-blocks in el cq by z we have 2 z + 3 ( s + l - z ) ~  
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~_k+s+p-  1. Therefore 

(15) ~ >- 2 s - k - p + 4  > O. 

Suppose that every 2-block in el at contains as. This gives F(aI, as)>-2s - 
- k - p  + 4  due to (15). Thus if BEcl c q \ c l  as then IB fqX~l <_-3+ 1 - F(al ,  a s ) ~ k -  
- - a + p - - 3  (we have to cover the pairs (a, as), aEBf1X~). Therefore IBf'lXd >=k- 
- ( k - s + p - 3 ) > p ,  a contradiction. 

Suppose that B0, Bt are 2-blocks in c la t ,  {at, as}=BtNXz, {ctt, a3}= 
=BoOX~. The pairs (a, as), aEBofqX1 are covered in different blocks of 
el a s \ c l  at.  Hence 

(16) F(al ,  as) ~- 3 +  1 - ( k - 2 )  = s - k + 3  ~ p. 

The last inequality in (16) follows from (8) and from the fact that every block 
in el cq contains at least 2 non-centres, i.e. 2 ( s +  1)-<_-k+3+p - 1. 

Let aEBtfqXt and let Bt . . . . .  B, be / -b locks  (i_~2) of  clc~ (there are no 
1-blocks in F). Obviously 2~_r<-p/2. Let el al = {B1, B6 . . . . .  B~'+x}. Denote 

G = {B~Eclat: B'INBsNX1 # O, f =  2 . . . .  ,r}. 

I f  B~ E G then B[ f-) X~ = {cq, as} since in the opposite case we can find a pair (x, y), 
xEXx, yEX~ which is covered twice. Thus F(~t,  m~)=>lGl+l. Let wi=lBJqX~l, 
i = 2  . . . . .  r. Therefore 

r 
IGI ~- s -  • ( s - ( k - w , -  1)) = s - ( r -  1 ) ( s - k +  1 ) - ( p - 2 )  _~ 

f=2  

~_ - ( r - 2 ) j ( k -  1)/(j-- 1 ) + ( r -  1 ) ( k -  l ) - j + 2  >j+6.  

Thus F(al ,  cq)_~j+8 which contradicts (16). II 

There are many values of  n, k satisfying the conditions of  Theorem 3.1 (B). 
For  example n=(k +m)(k-1)+ l, k>m(m2-2),  m~_2. 

For sufficiently large k Theorem3.1 (A) gives sometimes the best possible. 

Corollary 3.2. Let q be a prime power, n -  1 = q ( k -  1), q > 3 ,  k=qr, k>2q(q-  1). 
Then for n<-n'<-qSr we have 

C(n', k, 2) = C(n, k, 2) = L(n, k, 2 ) + q  = qZ+q. 

Proof. Since q is a prime power then there exists an affme plane AG (2, q). A G  (2, q) 
is an optimal (q2, q, 2)-covering having qS+q blocks (the lines in A G  (2, q)). Since 
C(nf, kf, t)<=C(n, k, t) [5] and C(n, k, t)<-C(n ", k, t) for n<-_n" then 

C(n, k, 2) -<_ C(n', k, 2) <_- C(q2r, qr, 2) -<_ C (q s, q, 2) = q2 + q. 

The opposite inequalities follow from Theorem 3.1 (A). II 
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4. Coverings by large blocks 

Let n - l = q ( k - 1 ) - j ,  0 < j < k - l ,  q > 2  and let F={Bt . . . . .  Bin} be an 
(n, k, 2)-covering over an n-element set X." Clearly for every ~EX~ F(~)=q, e(~)=j. 
The following lemmas are useful establish lower bounds for C(n, k, 2) for suffi- 
ciently large values of  k. 

Lemma4.1. Let B6F, q>i>-O, IXjnB]>(j+l)(q+i-1),  k>(j+l)(q+i),  and 
CEX'N,B. Then F(~)>q+i. 

Proof. Suppose that F(~)=q+s, s<=i, cl~={Bj . . . . .  Bq+~}. Since IB, NBAXII~- 
<-j+l,  r~q+s and IX~NBl>(j+l)(q+i-1) then B, NBAXI#O for every 

q + s  
r = l  . . . . . .  q+#. On the other hand k>(j+l)(q+i),  B~ U B, and then we can 

/,='1 

assumethat [BaNBI>j+I. Hence BINBNXa=O, a contradiction. 1 
We shall say that BEF is a maximal block if ]BNX~I>=IB~NX~I for every 

other block /3~ F. 

/.emma 4.2, Let B6F be a maxhnal block. Let i be integer, q>i>O; k>( j+l )q  
and [BNXII>(j+ 1 ) ( q - 1 ) - i j ( j +  1). Suppose that there exists an element ~E Xx\B, 
cl~={B~ .... ,B~ . . . . .  Bq}  such that IB, OBNXII=j+I, r=l ..... i. Then 

I.I"11 ~ ( j +  1)(iq-2i+q--1). 

Proof. First we note that since k>( j+l)q  and there exists a centre ~r 'then 
IBNZal =<(j+ 1) (q-  1) due to Lemma 4.1. Moreover, for every centre t/r there 
exists a block B'6cl  q for which IB'NBI>j+I and consequently B '  contains no 
centres from B. We shall prove that XaC=BUBIU...UB~=M. Conversely, let 
q6Xt\M, cl q={B~a . . . . .  B~}. Without loss of  generality we can assume that 
B~.NBNX~=O, [B~NBNX~I=I for h = l  . . . . .  i ( j + l )  (if i ( j+ l )>q-1  this is 
impossible and such an q does not exist). Since IB~,NBNX1]~_j+I, h=i( j+l)+ 
+1 . . . . .  q - 1  then 

g 

( j +  1 ) (q -  1 - i(j+ 1)) ~ [(BN.I"I)",.( U B,)] > (j+ 1) (q -  1 ) -  ij(j+ I)--i(j-F1) 
r = l  

which is a contradiction. Thus Xx =CM and 

[X~[ =<(i+ 1)(j-t-1)(q- 1 ) - i ( j +  I) = ( j +  1 ) ( i q - 2 i +  q -  1). 1 

Further on, denote w=[(j+l)/2l+l. Let BEF be a maximal block and 
~ X I \ B ,  cl ~={B1 . . . . .  Bq}, B~=B, OBNXj, i=1,  ..., q. Let re(c) be the number 
of those Bir for which [B~l~a~. We assume that IB~CI-~e9 for i=1 . . . .  , m(~). Now 
if l<-rl<rz<=m(~) then B~INB~=0 (if tl6BC, lNBr then ~(t/)>j and conse- 
quently t/6X2). So, every centre ~6XI\B defines m(~) disjoint subsets of B A X  1 
with cardinality =>co. Denote A(~)={B~x,B~ .... ,B~m(e)}. Clearly if B[6A(~), 
BC~EA(rl) then either BCi=t~j or B[GBr - due to the choise of  co. Let m*= 
=min {m(~): ~6XI\B} and 

U A ( r  . . . .  , S s } , S , = B , ,  i = 1  . . . . .  f ,  6 = { B 1 ,  .... Bs}. 
r E X x \ B  
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I.emma 4.3. Let IXIAB[ =~x/+p~q(o9-1)+  1, 0<_-/~<q, Xx\Br B being a maxi- 
mal block. Then 

IXll -~ min { n - q ( k - ~ q - ~ ) + j -  ~+ 1, d(~, /~)}, 

where Q= max F(~, 6), d(o~, ~)=((m* +f)(ocq+B)--fx)/m*, "c=max {o9, ~}. 
~,,dxEX t 

Proof. Obviously G(~)>=m * for every ~EX1\B (G(~) denotes the number of 
blocks of G containing ~) and since IXx ABI =>q(og-- 1) + 1 then m*>0. Therefore 

IXll ~q +9  +-~- .  s ~- ( __Z (~q+/~-IS~l) <- d(~,/~). 

Now consider r, cSEX~, F(~,6)=0,  and cl~={B1,...,Bq}. Clearly IB, AX21= > 
~_k-o~q-p and then 

IX~l-~ n - q ( k - o ~ q - ~ ) + j - o + l .  1 

The theorem below shows how to use the above lemmas. 

Theorem4.4. Let q>5,  jZ>-q--1, k>=(j+ l)(q2-q + l). Then 

IFI => L(n, k, 2)+q = qZWq. 

Proof. First suppose that IX~NBI>(j+I)q for some BCF. Lemma4.1 (i=1) 
gives F(r for every CEX'NB, and then 

IFI => ( n q + 2 ( n -  k))/k >= q~ +q. 

Thus, if X~ ~ B  for some B6F then [x~l--<fj+ 1)q and then 

IFI ~ [(n(q+ l ) - ( j +  1)q)/k] ~ q~+q. 

Now suppose that IBnXd<=(q-2)j for every BEF. This gives IXal<_- 
~_q(q--2)j--q+l and consequently IFl~q2+q. 

Finally suppose that B is a maxim~il block of F, IBAX~I>=(q--2)j+I and 
there exists a centre ~EX~\B. Let el ~={B~ . . . .  , Bq}. Since k>( j+ l )q  we can 
suppose that B4ABAXI=O (see the proof of Lemma 4.2). We distinguish two cases. 

(a) IBhOBnXd=j+l for some h<=q. Here IX~l<-(j+l)(2q-3) due to 
Lemma 4.2 and IFl-~[(n(q+ 1 ) - ( y +  1)(2q-3))/k] >:q~ +q. 

(b) IB~ O B fq Xll <-j, i = 1, .... q -  1. Therefore IB N X~l -< ( q -  1)j. It is easy to see 
that we can make use of Lemma 4.3 (the case IX~l ~_d(~,/~)) substituting m* by q - 4 ,  
f b y  q - l ,  ~q+/~ b y j ( q - 1 ) ,  �9 by o9. Thus IX~I<={(2q-5)(q-1)j-(q-1)og}/(q-4) 
and again IFI ~--q~+q. 1 

Corollary 4.5. Let n=q~r-h, q>5, O<-h<=i, i - > q - l + l / q - 1 ,  

k = qr ~_ ( i -q+2)(q2-q+l) ,  

and let q be a prime power. Then 

C(n, k, 2) = q~+q. 
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Proof.  W e  have C(q~r -h ,  qr, 2)>=C(q~r-i, qr, 2). Since ( i - q + l ) Z ~ _ q - 1 ,  q ~ r -  
- i - l = q ( k - 1 ) - ( i - q + l ) ,  a n d  k ~ _ ( ( i - q + l ) + l ) ( q ~ - - q + l )  we o b t a i n  

C ( q 2 r - i ,  qr, 2) -> q~+q 

due to  T h e o r e m  4.4. O n  the  o the r  h a n d  there  exists  an  affine p l ane  A G  (2, q), 
whence 

C ( q ~ r - h ,  qr, 2) -<_ C(q~r, qr, 2) _~ C(q ~, q, 2) = q2+q. 1 
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