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Let n=k=t be positive integers, and X — a set of nelements. Let C(n, k, f) be the smallest
integer m such that there exist m k-tuples of X B,, B, ..., B,, with the property that every #-tuple
of X is contained in at least one B,. It is shown that in many cases the standard lower bound for
C(n, k, 2) can be improved (k sufficiently large, n/k being fixed). Some exact values of C(n, &, 2)
are also obtained.
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1. Introduction

Let n=k=t be positive integers, and let X be a set of n elements, i.e. [X|=n.
A family F={B,, ..., B,} of k-tuples of X (subsets of X having k elements each)
is called (n, k, t)-covering if every z-tuple of X is contained in at least one B;. The
elements of F are called blocks. C(n, k,t) denotes the smallest integer m such
that there exists an (, k, ¢)-covering F (called covering design, optimal covering etc.)
having m blocks.

Let acX, GEF. By G(x) denote the number of blocks in G con-
taining «, ie., G(x)=|{B¢G: acB}|. In the case G=F it is easy to see that
Fe)=C(@m—1,k—1,t—1) and then

1) C(n k, §) = [nC(n—1, k—1, t—1)/k],

where [x] denotes the smallest integer that is at least x.
Iterating (1) we obtain

2 Cnk, i) = l%[l’c':: |’ Z::E ]m = L(n k, 9),

which is the Schonheim lower bound for C(n, k, t) [1,2]. There are many cases
in which the lower bound (2) is actually achieved [1, 2, 3, 4, 7]. For exanple, the well
known Turdn’s theorem [3, 4] gives C(n, n—2, t)=L(n, n—2, t). It was conjectured
by Erdds and Hanani[11} and proved by R6d1[9] that for %, ¢ fixed

3) Tim C(n, k, )/L(n k, 1) = 1.
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It follows from the results of Kuzjurin [10] that (3) holds for ¢ fixed and for arbi-
trary sequence k=k(n) with lim k/n=0. So, the lower bound (2) is a good ap-

proximation for C(n, k, ) when ¢ is fixed. Some possibilities to improve (2) are
studied in [5, 6]. 1t follows from (1) that if C(n—1,k—1,t—1)>=L{n—1,k—1,1-1)
then C(n, k, t)>L(n, k, ). So, the improvement of the Schénheim lower bound
for t=2 leads to an improvement for arbitrary ¢. For =2 and k fixed it seems
that for all sufficiently large » we have C(n, k,2)=L(n, k,2) except the case
n=1 (mod k—1) n(n—1)=1 (mod k) (Mills [5]). Here we consider some possi-
bilities to improve the lower bound (2) for r=2 and for sufficiently large k.

Let F be an (n, k, 2)-covering and a, € X. Let cla={B€F: acB}, F(a, f)=
=!{B€ F: {o, BycBY, Br(®)={pcX: F(x, f)>1}. Clearly F(x)=[cla]. Since
Cn—1, k-1, )=[(n—1)/(k—1)] then F()=[(n—1)/(k—1)]. Denote X,=
={aeX: Fl@)=[(n—1)/(k—1)]}, X;=X\X,. The elements of X; are called centres,
and those of X, non-centres. A block B¢ F is said to be an i-block if |X,NB|=i.

Since
k|F|= 2 F(a)
e€X
then
C)} |F| = (nl(n—1)/(k— D1+ Xa[)/k.

Let n—1=s(k—1)—j, 0=j<k—1, BEF, BNX,={o,, ..., %,}. Denote
oB)= 3 (Fla,a)—1), e@= 3 (Flxx)—1:
x€X\{a}

1=i<p=r
For every, acX, we have F(x)=s, and s(x)=s(k—1)—n-+1=j. Therefore
) 2w(B) = jr.

Note that if 2w(B)=jr then Br(a)cBNX,; for every i=1, ...,r
Finally, denote by SF (x) the set of all f¢X which are contained in excatly
the same blocks of F as «(a€SF (a)).

2. The projective zone

It was proved in [6] that if ¢ is a prime power, and a,=a,=a,>0 are integers
then for k=ayq+a,, n=a,q*+a,q+a,:

C(”; k, 2) = L(n’ k, 2) = 92"“1'*'1-

The optimal coverings were obtained from the projective plane PG (2, g). It seems
that the condition a,=a,=a, is essential. More exactly, we suppose that if k=s-+1,
s<nfk=s+1/(s+1) (the projective zone), and there exist no integers a,=a,=a,
such that k=ays+a,, n=ays*+a,s+a, then

6) C(n k,2) > L(n, k, 2) = s2+s+1.

For s=2 (6) holds (see [5]). It will also hold for s=3 if C(28,9,2)>13 and
C(41, 13, 2)=>13 [5, §]. The validity of (6) will give a number of exact values of
C(n, k, 2) in the projective zone. For example, let g be a prime power. Consider a
line B={by,b,,....,0,} in PG (2,q) and substitute every point b;, i=1,...,q
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with ¢ new points {b}, ..., b7}. Replace B with two new blocks B'=B"\ {b1}, B"=
=B\ {b?}. Now substitute every point a¢B with g—1 new points. The lines in
PG (2, g) are transformed into blocks of (g®+1, ¢2, 2)-covering (some of them with
cardinality less than g2) which yields C(g®*+1, ¢?, 2)=¢®+q+2, and if (6) holds
then C(g®+1, ¢2, 2)=g°+q+2. Here we shall prove (6) in the following special case.

Theorem 2.1. If n=s*+as+1, k=s+a, s=a=>1 then

C(nk,2)>L(nk,2) =s*+s41.
Proof. Suppose that there exists an (n, k, 2)-covering F={B,, ..., B,,} with m=s2+
+s+1. For acX; we have F(x)=s+1, e(@)=a—1, and from (4) |X;|=a-—1.
Since

S F(e) = k|F|— 3 Fa) = s'4s—2
a€ X,y x€Xy

there exists a 0-block B,€F (B,NX,=0). From (5) 2w(B,)=(a—1)(s+ad). On
the other hand

20(B,) = zz; oy (@, —1)
where w;=|B;NB), i=2. Thus
20(B,) = Zm’ w?— Zm' w; = Zm' w; —s(s+a).
i=2 i=2 i=2

Let w=max w;,® =m‘in ;. The minimum of the last sum is achieved for &—w=1,
L
and consequently w=1, @=2. So

o? = 3as+s2—2s.

Mz

Therefore
0) (s+a)(a—1) = 20(B,) = 2s(a—1)

which result in a contradiction if a<s. If a=s (7) gives 2w(B,)=25(s—1), 1=
=w;=2,i=2, and Br(a)cB, forevery a€B,. Let £€B;, clé={B,, B,, ..., B,;1}.
Since Br(£)c B, and |X;|=s—1 then there is another 0-block in cl ¢, say B,.
According to the above Br (§)cB;NB,, |B;NB,]=2. Therefore |Br (£)|=1. Sup-
pose that Br ({)={y}. Obviously F(&, n)=s and let cln={B,, ..., B, B,,,}. We
have to cover the pairs {n, B,.;\{¢}} and then B,.,\{¢}=B..,\{n} which
yields B, ,\ {¢}c X, and consequently [X,|=2s—1, a contradiction. [

3. The case n—1=0(mod k—1)
The theorem below presents an extension of the [5, 6] results concerning the

case n—1=0 (mod k—1). Since C(n, k, 2), n=3k is completely known [5], then
we shall assume that n>3k.
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Theorem 3.1. Let n—1=s(k—1), s=>3.
(A) If k>s then C(n, k, 2)=s2+5—2s(s—D/k.
(B) If n(n—1)=j (mod k), 1<j<k, s<j(k—1)/(j—1) then

C(n, k,2)>=L(nk,2).

Proof. (A) Let F={B,,...,B,} be an (n, k, 2)-covering with n, k satisfying the
conditions of the theorem. Clearly F(o)=s for every «€X;. It was shown in [6]
(Theorem 1) that |X;]=(s—1)2, or there exists a block B€F such that X; SB.
In the first of these cases we have |F|=(ns+n—(s—1)?)/k=s*+s—2s(s—1)/k due
to (4). Now suppose that X; &B;, |Xj|=(s—1)%. Since &(a)=0 for every acX;
then w(B,;)=0 due to (5), and |B;NB;NX;[=1, i=2. Thus |Fl=|Xj|(s—1)+1=>
> —1P+1>52+5—-25(s—1)/k.

(B) If k=>s then the assertion follows from (A). If s=k,k+1 then j=0.
Therefore we can assume that s=k+42.

Let F be an (n, k, 2)-covering, |F|=L(n, k,2). Since n{(n—1)=;j (mod k)
then s(s—1)=j (modk) and |F| =[ns/k]=[(s2k —s(s—1))/k]=(ns+j)/k. There-
fore |X,|=j. Every pair (&, ), € X; is contained in exactly one block of F which
yields | X, =2 (if X,={w} then there is a pair (x, ®) with F(ax, w)>1). Note
that if j=1 this gives C(n, k,2)=L(n, k, 2) [5] In order to clear the idea of the
proof for arbitrary j>1 first consider the case j=2. If X,={w,, @,} then F(w,)=
=s+1, F(wy)=s+1, F(w;, w,)=k. Hence there is a block B in cl w; with w,¢B.
We have to cover the pairs («, »,), € B\ {w;} in different blocks of cl wy,\cl @;.
So s+1=F(w;)=k+|cl w,\cl w,}=k+k—1=2k—1, a contradiction. Thus we can
assume that j=3, which yields s=k+3 (if s=k+2 then j=2) and consequently
k=4j-2.

Let |Xpl=p>1, and {a, ...,0}EX,, X,= U SF (a;), SF () NSF (af) =9,
l=i<f=gq, [SF()|=8;, F(a)=s+x;, x;=0, i=1, .. ,q Thus
q q .
.Zlﬁi =p and g]'.xiﬁi =J-

Since 8(2)=0 for acX;, and |Xj=s(k—1)+1—p then
®) S 1X,NB| = xk+stp—1.

Becla,;

Since ' |X,NBl=(s+x)p;+p—p; then Bi=x;, i=1,...,q. Now consider cla,,
Beclag
and let B be a z-block in cl o;. We shall prove that: ‘

© - —22+20Q2p—1) = (5~ B4 —2)+3/ - 2p+ i (p—1).

Let {ala . ,th}cBng, Zﬁl'—z9 F(OC]_, d) =y, 1—2 h F(ahai) =Jis

i=h+1,...,q. We have to cover the pairs (a, o)), aEBﬂXl, i=h+1 and since
o4 B, i2h+1 then

(10) = stx—k+z.
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Now:

B q
2 |X:NB| = ﬂ1(S+x1)+ig; ﬂiwﬁ‘i:%'_l Biyi,

Bécle,

and combining with (8) and (10) we get

(1) Zhﬁiw.-zx1k+s+p—1—ﬂ1<s+xl)--<p—z)(s+z~k)~ S x.5;.
i=2 =ht1

On the other hand if «;¢ B, (Bs€cla;) then |B,ﬂX1|<s+x w;, 1.6 [ByNXy|l=
=k—(s+x;—w;). Hence k—(s+x;—w)=p—p, which yields

(12) Biw; = Bi(s+p—k+x;—B), i=2,..,q.
Summing (12) over i=2,...,a and using that

h n
Zh=z-b ZB=z-p
we obtain
h A
(13) _=Z;ﬂiwi = (z_ﬁl)(s'l'p_k_l)'*’ig;xiﬁia

(11) and (13) give
=22 +z(Q2p—-1) = k(p+x,—B)—(p— D (s—B1—1)—].

Using that s<j(k—1)/(j—1), and k=4j—2 we obtain (9). It follows from (9)
that there are no 1-blocks in F, i.e. z>1.
Let x;=min x;: We shall prove that every block in cla, contains at least

x%,+1 non-centres. The maximal value p(p—1) of the left side in (9) is achieved
for z=p, p—1. Using in addition that f,=p we get x;=p—1. Now suppose
that there exists a z-block in clea, with z=x;. Since z=x,=p—1 we can sub-
stitute z by x; in (9). This gives

(14) xip =X —p)@i—p—1)+3/-2p+xi.

Since x;=min Xx; then j=x;p and (14)is impossible. Thus for every z-block
in cla, z=x;+1. If in addition z=x;+2 then

> | XaNB} = (1 +2)(s+x3)

Becla,

which is impossible due to (8). So, there exists a (x1+1)-block in cle; and from
9 (z=x,+1):

x,p = (x,—B)@j—p—1)+3j—4p+1+(x;+ 1)

which shows that x;=1 (if x,=2 then p=j/2 since x,p=j). Therefore f,=1
(x;=p,). Suppose that Bj€cla; is a 2-block and B,NX,={x, @,}. Hence f,=1
and since there exists a 2-block in cla, then we can make use of (9) substituting
X3 by x,, f1 by 1, z by 2. Thus 0=(4j—2)x,—5p-—-j+7 and consequently x,=1.

The next step is to show that there are 2-blocks in cla; with different non-
centres. Denoting the number of 2-blocks in c¢la, by r we have 2r+3(s+1—1)=
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=k+s+p—1. Therefore
(15) T=2~k—p+4=>0.

Suppose that every 2-block in cl «; contains a,. This gives F(oy, ap)=25—
—k—p+4 dueto (15). Thusif Becloy\cla, then |BNX,|=s+1—F(o,, a)=k—
—s+p—3 (we have to cover the pairs (&, &), ®€ BN X;). Therefore |BNX,|=k—
—(k—s+p—3)=>p, a contradiction.

Suppose that B,, B; are 2-blocks in cleay, {o,%}=BNX,, {&,a}=
=ByNX,. The pairs (x, o), a€B,NX; are covered in different blocks of
cle,\cla;. Hence

(16) F(oy, o) =s+1—(k—2)=s5—k+3=p.

The last inequality in (16) follows from (8) and from the fact that every block
in cl«, contains at least 2 non-centres, i.e. 2(s+1)=k+s+p—1.

Let x¢B,NX, and let B, ..., B, be i-blocks (i=2) of cla (there are no
1-blocks in F). Obviously 2=r=p/2. Let cloy;={B,, B, ..., B;,1}. Denote

G = {Bjeclay: BiNBNX, =0, f=2, ..., 7}.

If B/eG then B;NX,={u,, o} since in the opposite case we can find a pair (x, )
x€Xy, y€X, which is covered twice. Thus F(oy, 0;)=|G|+-1. Let w;=|B;N X,
i=2, ..., . Therefore

612 5= 3 (o= (k—wi=1)) = s—(r=Ds—k+ D—(p—2) =

=—-(r-2)jtk—1)/(j-D+(r-Dk~1)—j+2 > j+6.
Thus F(ay, o,)=j+8 which contradicts (16). |

There are many values of n, k satisfying the conditions of Theorem 3.1 (B). |
For example n=(k+m)(k—1)+1, k>m(m*~2), m=2.
For sufficiently large k& Theorem 3.1 (A) gives sometimes the best possible.

Corollary 3.2. Let q be a prime power, n—1=q(k—1), g=3, k=qr, k>=2q(g—1).
Then for n=n"=q%r we have

C(', k,2) =C(n k,2) = L(n, k,2)+q = g*+q.

Proof. Since g is a prime power then there exists an affine plane AG (2, 9). AG (2,q)
is an optimal (g% g, 2)-covering having g2+g blocks (the lines in AG (2, g)). Since
Cf, kf, )=C(n,k,t) [S]and C(n, k, 1)=C(#’, k,t) for n=n" then

Cnk,2)=C(n,k,2)=C(¢*r, qr,2) =C(¢% ¢, 2) = ¢*+4.
The opposite inequalities follow from Theorem 3.1 (A). |}
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4. Coverings by large blocks

Let n—1=q(k—1)—j, O<j<k—1, g>2 and let F={B,,...,B,} be an
(n, k, 2)-covering over an n-element set X. Clearly for every a€X; F(e)=gq, e(z)=].
The following lemmas are useful establish lower bounds for C(n, &, 2) for suffi-
ciently large values of %.

Lemma 4.1. Let BEF, q=i=0, | X;NB|=(j+D(g+i—1), k>({j+1)(g+i), and
EEXNB. Then F(&)=q-+i.

Proof. Suppose that F(&)=q+s, s=i, clé={B,, ..., B;,,}. Since [B,NBNX\|=
=j+1, r=q+s and |X,ﬂB|>(j+1)(q+z—1) then BﬂBﬂXl;éﬂ for every

r=1,...,g+s. On the other hand k=>(j+1)(g+i), BC U B, and then we can

assume that |B,NB|>j+1. Hence B,NBNX;=0, a contradlctlon
We shall say that BE€ F is a maximal block if |BNX,|=|B;NX;| for every
other block B¢ F.

Lemma 4.2. Let BEF be a maximal block. Let i be integer, q>i=>0; k>(j+1)q
and |BOXql=(j+1D(g—1)—~ij(j+1). Suppose that there exists an element £€ X\ B,
cé={B,, ..., B ..., B} such that |B,NBNXy|=j+1, r=1,...,i. Then -

XS (j+ Dig—2i+q-1).

Proof. First we note that since k=(j+1)g and there exists a centre £¢B 'then
[BNX;|=(j+1)(g—1) due to Lemma 4.1. Moreover, for every centre n¢B there
exists a block B’€cly for which [B’NB|>j+1 and consequently B’ contains no
centres from B. We shall prove that X; SBUB,U...UB;=M. Conversely, let
n€X\M, cly={B;, ..., B, }. Without loss of generality we can assume that
B, NBNX,=0, |B,, ﬂBﬂXl|_1 for h=1,..,i(j+1) (if z(]+1)>q 1 this is
1mp0331b1e and such an n does not exist). Smce |B,, NBNX|=j+1, h=i(j+1)+
+1,...,g—1 then

(+Dg—-1-i(j+1) = I(BﬁXl)\(rL;J1 B))| = (j+D(g—D)~ij(G+D)~i(j+1)
which is a contradiction. Thus X, EM and
IXI=0E+ DG+ D(g—D—i(j+1) = (j+1)(ig—2i+g—-1). 1

Further on, denote w=[(j+1)/2]+1. Let BEF be a maximal block and
LEX\B, cl{={B,, ..., B,}, Bi=B,NBNX,, i=1,...,q. Let m(é) be the number
of those B¢ for which [B§l>co We assume that lB¢l>a) for i=1, ..., m(£). Now
if I=r<r,=m(f) then BflﬂB,i—ﬂ (if nEB ﬂBc then a(n)>J and conse-
quently #n€ Xz) So, every centre £€X\B defines m(é) disjoint subsets of BNX;
with cardinality =w. Denote A({)={Bi B, ..., B} ). Clearly if BicA(%),
BfeA(n) then either B;=B or B{(\Bi=0 due to the choise of w. Let m*=
=min {m(&): éEXl\B} and

U A(é) - {S19 veoy Sf}! Si c Bi’ i == 1, ..-,f; G = {Bl! '"’Bf}'
$EXNDB )
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Lemma 4.3. Let | X,NB|=ag+p=q(w—1)+1,0=p<gq, X\B+=0, B being a maxi-
mal block. Then
|X;] = min {n—gq(k—ag—pB)+j—e+1, d(o, B)},
where ¢= max F(y,9), d(a, B)=((m* +1)(ag+B)—fr)/m*, =max {o, «}.
s 1

Proof. Obviously G(&)=m* for every (€X\B (G(¢) denotes the number of
blocks of G containing &) and since |X;NB|=g(w—1)+1 then m*>0. Therefore

1

m*

Now consider y,6€X;, F(y,d)=¢, and cly={By, ..., B)}. Clearly |B;NX,l=
=k—oag—f and then

IXi| = n—qk—ag—p)+j—o+1. |

1| = ag+B+

( §f1 (g +B—15)) = d(x, ).

The theorem below shows how to use the above lemmas.
Theorem 4.4. Let =5, j*=g—1, k=(j+1)(g2—g+1). Then
V IFI = L(n’ k, 2)+q = q2+q'

Proof. First suppose that |X;NB|>(j+1)gq for some BcF. Lemmad.l (i=1)
gives F({)=qg+2 for every £€X\B, and then

|F| = (ng+2(n—k))/k = ¢*+4.
Thus, if X;&B for some BEF then |Xj|=(j+1)q and then
IF| = [(n(g+ 1) -0+ D)kl = ¢*+q.

Now suppose that |BNXy|=(¢g—2)j for every BEF. This gives |X;|=
=q(q—2)j—q+1 and consequently |F|=g4>+q.

Finally suppose that B is a maximal block of F, |[BNX;|=(¢—2)j-+1 and
there exists a centre ¢€X,\B. Let c1é{={B,,...,B;}. Since k>(j+1)q we can
suppose that B,NBNX;=0 (see the proof of Lemma 4.2). We distinguish two cases.

(@) |B,NBNX,|=j+1 for some h=q. Here |Xj|=(j+1)(29—3) due to
Lemma 4.2 and |F|=[(n(g+1)—(j+1)(2g—3))/k]=4¢*+q.

(b) IBNBNX,|=],i=1, ..., g—1. Therefore | BN X;| =(q—1);. Tt is easy to see
that we can make use of Lemma 4.3 (the case | X;| =d(a, f)) substituting m* by g—4,
Sfby g—1, ag+B by j(g—1), 7 by w. Thus |X;|={(29—-5)(g— Dj—(g—Dow}/(g—9)
and again |F|=q%*+q. |

Corollary 4.5, Let n=g*r—h, q=5, 0=h=i, i_Z_q—1+]/-q—— 1,
k =gr=(i—q+2)(¢*—q+1),
and let q be a prime power. Then

C(n,k,2)=q%+q.
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Proof. We have C(q?r—h, gr, 2)=C(q%r—i, qr,2). Since (i—q+1)2=q-1, g*r—
~i—1=q(k—1)—(@F—q+1), and k=((i—g+1)+1)(g*—q-+1) we obtain

C(g®r—i,qr,2) = q*+q

due to Theorem 4.4, On the other hand there exists an affine plane AG (2, gq),

whence
C(qr~h,qr,2) =C(¢?r,qr,2) =C(¢% ¢, 2) = ¢*+4q. |}
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